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Abstract 

One defines a non-homogeneous space (X, fx) as a metric space equipped with a 
non-doubling measure fi so that the volume of the ball with center x, radius r has 
an upper bound of the form r n for some n > 0. The aim of this paper is to study the 
boundedness of Calderon-Zygmund singular integral operators T on various function 
spaces on (X, fi) such as the Hardy spaces, the LP spaces and the regularized BMO 
spaces. This article thus extends the work of X. Tolsa [Tl| on the non-homogeneous 
space (M n , fi) to the setting of a general non- homogeneous space (X, /i). Our frame- 
work of the non-homogeneous space (X, fi) is similar to that of |Hy| and we are able 
to obtain quite a few properties similar to those of Calderon-Zygmund operators 
on doubling spaces such as the weak type (1, 1) estimate, boundedness from Hardy 
space into L , boundedness from L°° into the regularized BMO and an interpola- 
tion theorem. Furthermore, we prove that the dual space of the Hardy space is the 
regularized BMO space, obtain a Calderon-Zygmund decomposition on the non- 
homogeneous space (X, n) and use this decomposition to show the boundedness of 
the maximal operators in the form of Cotlar inequality as well as the boundedness 
of commutators of Calderon-Zygmund operators and BMO functions. 
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1 Introduction 

In the last few decades, Calderon-Zygmund theory of singular integrals has played a cen- 
tral part of modern harmonic analysis with lots of extensive applications to other fields 
of mathematics. This theory has established criteria for singular integral operators to be 
bounded on various function spaces including LP spaces, 1 < p < oo, Hardy spaces, BMO 
spaces and Besov spaces. 

One of the main features of the standard Calderon-Zygmund singular integral theory 
is the requirement that the underlying spaces or domains to possess the doubling (volume) 
property. Recall that a space X equipped with a distance d and a measure \i is said to 
have the doubling property if there exists a constant C such that for all x G X and all 

r > 0, 

li(B{x,2r)) < Cfi(B(x,r)) 
where B(x,r) denotes the ball with center x and radius r > 0. 

In the last ten years or so, there has been substantial progress in obtaining bounded- 
ness of singular integrals acting on spaces without the doubling property. Many features 
of the standard Calderon-Zygmund singular integral theory was extended to spaces with a 
mild volume growth condition in place of doubling property through the works of Nazarov, 
Treil, Volberg, Tolsa and others. See, for example jNTVlj . [NTV2] . [NTV3j . jTT] and 
[T2j . These breakthroughs disproved the long held belief of the decades of 70's and 80's 
that the doubling property is indispensable in the theory of Calderon-Zygmund singular 
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integrals and lead to more powerful techniques and estimates in harmonic analysis. 

Let X be a metric space equipped with a measure p, possibly non-doubling, satisfying 

fi(B(x,r)) < Cr n 

for some positive constants C, n and all r > 0. We will call such a space (X, p) 
a non-homogeneous space. Let T be a Calderon-Zygmund operator acting on a non- 
homogeneous space X, i.e. the associated kernel of T satisfies appropriate bounds and 
has Holder continuity (for the precise definition, see Section 2.1). Assume that T is 
bounded on L 2 (X), then it is shown in |NTV2j that the Calderon-Zygmund operator T 
is of weak type (1, 1), hence by interpolation, is bounded on L P (X), 1 < p < oo. See also 

Hardy spaces and BMO spaces on a non-homogeneous space X were studied by a 
number of authors, for example [Tl], |MMJNUj . [Hy]. In |MMJNUj . the authors stud- 
ied the spaces BMO(/i) and H\ t (p) on R n (with BMO(/x) space being defined via the 
standard bounded oscillations and the Hardy space H\ t (p) being defined by an atomic 
decomposition) for a non doubling measure p and showed some standard properties of 
these spaces such as the John- Nirenb erg inequality, an interpolation theorem between 
BMO(/i) and H\ t (p), and BMO(/i) being the dual space of H^ t (p). However, it is shown 
by Verdera [V] that an L 2 bounded Calderon-Zygmund operator may be unbounded from 
L°°(p) into BMO(jtt) as well as from H^ t (p) into L l (p). This shows the need to introduce 
variants of the BMO spaces characterized by bounded oscillation estimates so that the 
Calderon-Zygmund operators are bounded from L°°(p) into these variants of BMO spaces. 

In [Tlj . the author introduced the RBMO space, a variant of the space BMO, on 
the non-homogeneous space (M. n ,p) which retains some of the properties of the standard 
BMO such as the John-Nirenberg inequality. See Section 3 for the definition of RBMO 
spaces. While Calderon-Zygmund operators might not be bounded from L°°(M. n ,p) into 
BMO(lR n , p), they are bounded from L°°(W l , p) into RBMO(R n , p), [TT] . 

Recently, Hytonen studied the RBMO spaces on non-homogeneous spaces (X, p) (in- 
stead of (M n ,/i)) [Hy]. He proved that the space RBMO(/i) on X still satisfies John- 
Nirenberg inequality. However, the boundedness of Calderon-Zygmund operators from 
L°°(fi) into RBMO(/i) and a number of other properties are still open questions for the 
setting of general non- homogeneous spaces (X,fj). 

In this article, our aim is to conduct an extensive study on the RBMO spaces on 
general non-homogeneous spaces. More specifically, for a non-homogeneous space (X, p) 
equipped with a measure p which is dominated by some doubling measure (the same 
setting as in |Hy| ), we are able to prove the following new results: 

(i) An L 2 bounded Calderon-Zygmund operator is bounded from L°°(p) into the RBMO 
space, see Theorem 17.11 
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(ii) The dual space of the atomic Hardy spaces is shown to be the RBMO space. We also 
show that an L 2 bounded Calderon-Zygmund operator is bounded from the atomic 
Hardy space H\ t {^) into L 1 ^), see Theorems 15.61 and 17.31 

(iii) An interpolation theorem between the RBMO space and the Hardy space H^ t (fi): 
if an operator is bounded from H^ t (fi) into L l {^) and from L°°(/j,) into the RBMO 
space, then the operator is bounded on L p (fi) for all 1 < p < oo, see Theorem 16.41 

(iv) A Cotlar type inequality for Calderon-Zygmund operators which gives the bound- 
edness of several maximal operators associated with T, see Theorem 16.61 

(v) The boundedness of commutators of Calderon-Zygmund operators and RBMO func- 
tions on L p spaces, see Theorem 17.61 

(vi) A Calderon-Zygmund decomposition using a variant of Vitali covering lemma, see 
Theorem 16.31 an d the weak type (1, 1) of an L 2 bounded Calderon-Zygmund opera- 
tor, see Theorem 16.51 

We remark that, while this manuscript was in finishing touch, we learned that similar 
results concerning the Hardy spaces as in (ii) have been obtained independently in |HyYY| . 

We now give a brief comment about some techniques used in this paper. In addition 
to using some ideas and techniques in |T1] , we obtain certain key estimates through care- 
ful investigation of the family of doubling balls in a non- homogeneous space (X,fi). Let 
us recall that the main techniques used in |T1] rely on the Besicovitch covering lemma 
and the construction of the (a, /3)-doubling balls in M n . However, the Besicovitch cov- 
ering lemma is only applicable to MJ 1 and it is not applicable in the setting of general 
non-homogeneous spaces. In the general setting, one can construction the (a, /3)-doubling 
balls by using a covering lemma in |He] in place of the Besicovitch covering lemma. In 
|Hy| , the author used this substitution to obtain the John-Nirenberg inequality for the 
RBMO spaces. However, it seems that to obtain further results similar to the standard 
theory as in the case of doubling spaces, more refined techniques are needed. 

An important technical detail in this paper is our construction of the three consecu- 
tive (a, /3)-doubling balls (see, Proposition 12. 4p which we employ successfully to obtain 
the important characterizations (Q and ( TTUj) . similar to those in \T1\ Lemma 2.10]. By 
using these three consecutive (a, /3)-doubling balls, we show the boundedness of Calderon- 
Zygmund operators from L°°(X,fi) into the space RBMO (see Theorem 17. ip as well as 
an interpolation theorem of RBMO spaces (see Theorem 14.3(1 . 

Acknowledgement: The second named author would like to thank El Maati Ouhabaz 
for helpful discussion. 
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2 Non-homogeneous spaces, families of doubling balls 
and singular integrals 

2.1 Non- homogeneous spaces and families of doubling balls 

In this paper, for the sake of simplicity we always assume that (X, d) is a metric space. 
With minor modifications, similar results hold when X is a quasi-metric space. 

Geometrically doubling regular metric spaces. We adopt the definition that 
the space (X, d) is geometrically doubling if there exists a number IVeN such that every 
open ball B(x,r) = {y G X : d(y,x) < r} can be covered by at most N balls of radius 
r/2. Our using of this somewhat non-standard name is to differentiate this property from 
other types of doubling properties. If there is no specification, the ball B means the ball 
center xb with radius r#. Also, we set n = \og 2 N, which can be viewed as (an upper 
bound for) a geometric dimension of the space. Let us recall the following well-known 
lemma. See, for example |Hy| . 

Lemma 2.1 In a geometrically doubling regular metric space, a ball B(x,r) can contain 
the centers Xi of at most Na~ n disjoint balls B(xi, ar) for any a G (0, 1]. 

Upper doubling measures. A measure /i in the metric space (X, fi) is said to be 
an upper doubling measure if there exists a dominating function A with the following 
properties: 

(i) A : X x (0,oo) f-> (0,oo); 

(ii) for any fixed i 6 I, r 4 X(x,r) is increasing; 

(iii) there exists a constant C\ > such that X(x, 2r) < C\\(x, r) for all x G X, r > 0; 

(iv) the inequality /i(x,r) := fi(B(x,r)) < A(x,r) holds for all x G X, r > 0; 

(v) and A(x, r) w X(y,r) for all r > 0, x,y G X and d(x,y) < r. 
We note that in |Hy] , the condition (v) is not assumed. 

Lemma 2.2 Every family of balls {Bi} ie p of uniformly bounded diameter in a metric 
space X contains a disjoint sub-family {B,i\ i£ E with E C F such that 

UieF-Bj C Ui^E^Bi. 

For a proof of Lemma 12.21 see [HcJ . 

Assumptions: Throughout the paper, we always assume that (X, /i) is a 
geometrically doubling regular metric space and the measure /i is an upper 
doubling measure. 

We adopt the following definition as in |Tlj . For a, (3 > 1, a ball B C X is called 
(a, (3)- doubling if /x(a) < f3fi(B). The following result states the existence of plenty of 
doubling balls with small radii and with large radii. 
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Lemma 2.3 (|Hy|) The following statements hold: 



(i) If f3 > C^ og2Q ; then for any ball B C X there exists j G N such that a^B is (a, (3)- 
doubling. 

fzzj If (3 > a n where n is the doubling order of X, then for any ball B C X there exists 
j G N s«c/i t/iat a~^B is (a, (3) -doubling. 

Our following result which shows the existence of three consecutive (a, (3) doubling 
balls will play an important role in this paper. 

Proposition 2.4 If B is a (a 3 , (3) doubling ball (a > 1), then B,aB and a 2 B are three 
consecutive (a, 0) doubling balls. 

Proof: The proof of Proposition 12.41 is simple, hence we omit the details here. 
For any two balls B C Q, we defined 

K B;Q = 1 + f — -ji yrdfi{x). (1) 

Jr B <d(x,x B )<r Q A { X B, U>{%, %B) ) 

This definition is a variant of the definition in [TIL pp. 94-95]. Similarly to the results [Til 
Lemma 2.1] we have the following properties: 

Lemma 2.5 (i) If Q C R C S are balls in X, then 

m&x{K QtR , K R)S } < K Q)S < C{K Q)R + K R . S ). 

(ii) If Q C R are compatible size, then Kq R < C. 

(Hi) IfaQ, . . .a N ~ 1 Q are non (a, (3) -doubling balls ((3 > C^ og2a ) then Kq ^nq < C. 

The proof of Lemma [2.51 is not difficult, hence we omit the details here. 

As in [Tlj , for two balls B C Q we can define the coefficient K' B q as follows: let Nb,q 
be the smallest integer satisfying 6 NB - Q r B > tq, then we set 

Nb - q m (6*S) 



^ \(x B ,G k r B )' 

In the case that X(x, ar) = a m X(x, r) for all x G X and a, r > 0, it is not difficult to show 
that K Bj q ~ K' B q. However, in general, we only have K Bj q < CK' B q. 
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2.2 Calderon-Zygmund operators 

A kernel K(-, •) 6 L\ oc (X x X\{(x,y) : x = ?/}) is called a Calderon-Zygmund kernel if 

(i) i i 

< Cminj— -, — -). (2) 

' V n ~ \X(x,d(x,y)Y X(y,d(x,y))i 

(ii) There exists < 5 < 1 such that 

!*(*,„) - K(A»)\ + \K(y,*) - K M \ < g -^g!_ (3) 
if d(x,x') < Cd(x,y). 

A linear operator T is called a Calderon-Zygmund operator with kernel K(-, •) satis- 
fying (EJ) and (j3J) if for all / G L°°(n) with bounded support and x ^ suppf, 

Tf(x)= [ K{x,y)f(y)dv{y). 
J x 

The maximal operator T* associated with the Calderon-Zygmund operator T is defined 
by 

TJ(x) = sup \TJ(x)\, 
where TJ(V) = J d{x y) ^ e K(x,y)f(y)dfi(y). 

We would like to give an example for the operator whose the associated kernel sat- 



isfies the conditions and ([3]). As in Hy , we consider Bergman- type operators which 



are studied by Volberg and Wick. In |VWj . the authors obtained a characterization of 
measures /i in the unit ball E>2 n of C n for which the analytic Besov-Sobolev space (B 2n ) 
embeds continuously into L 2 (fi). Their proof goes through a new Tl theorem for what 
they call Bergman-type operators. Let us describe the situation of this application. The 
measures \i in [VW] satisfy the upper power bound fi(B(x, r)) < r m , except possibly when 
B(x,r) C H, where H is a fixed open set. However, in the exceptional case there holds 
r < 8{x) := d(x,H c ), and hence 

/i(B(x, r)) < lim B(x, 5{x) + e) < lim(5(x) + e) m = 5 m . 

Thus we find that their measures are actually upper doubling with 

n(B(x,r)) < max{5{x) m ,r m ) =: X(x,r). 

It is not difficult to show that A(-, •) satisfies the conditions (i)-(v) in definition of upper 
doubling measures. 

In |VWj . as a main application concerning the Besov-Sobolev spaces, the authors 
introduced the operator associated to the kernel 

K(x,y) = (l-x-y)- m J (4) 
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for x, y G B 2n C C n . Here x stands for the componentwise complex conjugation, and x ■ y 
designates the usual dot product of n-vectors x and y. Moreover, one equips B 2n with the 
regular quasi-distance, see [Tcht Lemma 2.6], 



d(x,y) 



\x\ 



x ■ y 



\ x \\y\ 



Finally, the set H related to the exceptional balls is now the open unit ball B 2n - It was 
proved in |HyM| that the kernel K(x,y) defined by (TjJ satisfies ([2]) and ([3]). 



3 The RBMO spaces 

3.1 Definition of RBMO(» 

The RBMO (Regularized BMO) space was introduced by Tolsa for (R n , p) in |T1] and it 
was adopted by T. Hytonen for general non-homogeneous space {X,p) in |Hy| . 

Definition 3.1 Fix a parameter p > 1. A function f G L\ oc (p) is said to be in the space 
RBMO(/i) if there exists a number C, and for every ball B, a number fs such that 

J^B)L lf{x) ~ fBlMx) - A (5) 

and, for any two balls B and B\ such that B C B\, 

\f B -f Bl \<CK B>Bl . (6) 

The infimum of the values C in (f^j is taken to be the RBMO norm of f and denoted by 
||/||rbmo(m)- 

The RBMO norm || • ||rbmoo) is independent of p > 1. Moreover the John-Nirenberg 
inequality holds for RBMO(X). More precisely, we have the following result (see Corollary 
6.3 in (Hi]). 

Proposition 3.2 For any p > 1 and p G [l,oo) ; there exists a constant C so that for 
every f G RBMO(/z) and every ball Bq, 

ip^Boj L lf{x) ~ f B o\ P Mx)) 1/P < CH/IIrbmom. 

3.2 Some characterizations of RBMO(/i) 

In the rest of paper, unless a and (3 are specified otherwise, by an (a, (3) doubling ball we 
mean a (6, /3q) -doubling with a fixed number (3 > max{C^ log26 , 6 3 ™}. 

Given a ball B C X, let N be the smallest non-negative integer such that B = 6 N B 
is doubling. Such a ball B exists due to Lemma 12.51 
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Let p > 1 be some fixed constant. We say that / £ L\ oc (p) is in RBMO(/x) if there 
exists some constant C > such that for any ball Q 

■^B)L U(x) - m ~ B!W(x) - c (7) 

and 

\rriQf — m R f\ < CKq R) for any two doubling balls Q C R, (8) 
here m R f is the mean value of / over the ball B. Then we take 

:= inf{C : (J7D and © hold}. 



By the same proof as in Lemma 2.8 of |T1] . we have the following result. 

Proposition 3.3 For a fixed p > 1, the norms || • ||* and || • ||rbmo(m) are equivalent. 

We now extend certain characterizations of RBMO(/i) in [Tl] in the case of (M n , p) to 
the case of non-homogeneous spaces (X, p). In the case of M. n , Besicovitch covering lemma 
was used but this lemma is not applicable in our setting. We overcome this problem by 
using the three consecutive doubling balls in Proposition 12.41 

Proposition 3.4 For f £ L\ oc (p), the following are equivalent: 

(a) f £ RBMO(/i). 

(b ) There exists some constant Cb such that for any ball B 

1 



p(QB) 

and 



\f(x)-m B f\dp(x)<C b (9) 



B 



\m Q f - m R f\ < C h K QtR (^^ + / ^), for any two balls Q C R. (10) 



(c) There exists some constant C c such that for any doubling ball B 

J \ f( x ) - m B f\dp(x) < C c 



p(B) 

and 



(11) 



\raqf — m R f\ < C c Kq^ for any two doubling balls Q C R. (12) 
Moreover, the best constants Cb and C c are comparable to the RBMO(/x) norm of f . 
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Proof: (a) -> (6) : If / e RBMO(/x), then © and ([10]) hold for C b = C\\f\U for some 
constant C. Indeed, for any ball B we have 

\™> B f -m s f \ < m Q (\f -m s f\) < 11x11 



Q 



Therefore, 

-^y jf \f(x) - m B f\d^x) < ^— ^(|/ - m 5 /| + |tob/ - m s f\) < 2||/||,. (13) 

On the other hand, for any two balls Q C R, one has 

\mQf - m R f \ < \m Q f - m§/| + |m§/ - m^/| + |m K / - m^/|. 
Applying ffTB"]) for the first and the third terms, we have 

M - m,/| + |m«/ - m-J\ < ||/||,(^ + ^) . 

We can follow the argument in [Tlj to obtain the estimate for the second term. Let us 
remark that for any two balls Q C R such that Q C R, it follows from (jSJ) that 

\ m Qf- m iif \ < \\f\\* K Q,R- 

By Lemma [2.51 we have 

< C(Kq q + K Q , R + K RR ) < C{C X + K Q , R + C 2 ) < CKqr. 

In general, Q C R does not imply Q C R. We consider two cases: 

Case 1: If Tq > rg, then Q C 3-R. Setting Rq = 3R, then it follows from Lemma [2.51 and 
© that 

l m g/ _ m /?/l ^ \ m qf ~ m Rof\ + m Rof ~ m R f 

For the term Kq Ro we have 

Kq Rq < CK QjRo 

<C{K QtR + K R>Ro ) 

< C(K Q , R + K rM + K R3R + K 3R J 

< CK Q , R . 

The remaining term K R Ro is dominated by 

C(K m + K 3R ,J<CK Q>R . 
So in this case, we obtain {mfif — m R f\ < CKq R \ 
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Case 2: If < rg, then R C 6 2 Q- Obviously, we can find some m > 1 such that 
> and i? C 6 m Q C 6 2 Q- Therefore, i? and 5 m Q are comparable sizes. This 

implies K^ 5mQ < C. Setting Q Q = 6 2 Q we have 

\ m qf ~ m i?/l ^ l m g/ - m Qof\ + l m Qo/ - m nf\ 
<(KQ, Qo + KR, Qo )\\fW*- 

Let us estimate Kq q . We have 
For the term fCg n , one has 

< CK QiR . 



Therefore, in this case we also obtain {nigf — m^f\ < CKq^r\ 

(b) — > (c): the proof of this implication it easy and hence we omit the detail here. 

(c) — » (a): Let B be some ball. We need to show that ([7]) holds for p = 6. For any 
x E B, there exists some (6 3 , /?o)-doubling ball centered x with radius r 6 ~2j B for some 
j E N. We denote by B x the biggest ball satisfying these properties. Let us recall that by 
Proposition 12.41 the balls B x , 6B X and 6 2 B X are three (6, /3 )-doubling balls. Moreover, by 
Lemma [2.51 we have 

\m 6B J ~ m s f \ < \m 6B J - m B J\ + \m B J - m s f\ < CC C . 

By Lemma 1272"} we can pick a disjoint subcollection B Xi , i E I, such that B C U ie j5B x . C 
Ui£i6B Xi . Thus, we have 

/ \f -m s f\dfi<^2 \f-™ B fW 

J B ieI J B Xi 

-^2 (\f ~ m sB*J\ + \^6B X J - m s f\)dfi 

iezj J B x , 



i&I 

<Y,CC c ^B Xi ) 

iel 

iel 

< C/3 C c/ u(6£?). 



This completes our proof. 
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4 Interpolation results 

4.1 The sharp maximal operator 

Adapting an idea in |T1] . we define the sharp maximal operator as follows: 

MV(s) = sup — / \f-m s f\dfi+ sup |mQ/ ~ mfl/l , (14) 

B3x M bi V J B (Q,R)eA x K Q,R 

here := {(Q, R) : x e Q C R and Q, R : doubling}. 

Note that in our sharp maximal operator, the term fi(6B) was chosen with the fixed 
constant 6 throughout the paper. It is clear that 

/ G RBMO(p) M tt / G 

We define, for p > 1, the non-centered maximal operator M( p ) by setting 

M (p)f(x) = sup— ^— / |/|d/i. 

It was proved that Mr p \ is of weak type (1, 1) for p > 5 and hence Mr p \ is bounded on 
LPiyn) for all p G (l,oo], see |Hy[ Proposition 3.5]. When p = 1, we write M/ instead 
of M(x)/. From the boundedness of M( p ) for p > 5, the non-centered doubling maximal 
operator is defined by 



Nf(x) = sup [ \f\dfj, 

xeQ: doubling A*VVj 



where the supremum is taken over all (6, /3q) doubling balls, is of weak type (1,1) and 
hence bounded on I/ P (p) for all p G (1, oo]. 
Note that it is not difficult to show that 

M*f{x)<M {6) f(x)+3Nf(x) 

for all x G X. Therefore the operator M* is of type weak (1, 1) and bounded on Li p {p) for 
all 1 < p < oo. 

Lemma 4.1 For f G L\ oc (p), we have 

M»|/|(x) <5ftM«/(x). 
The proof is similar to that of Remark 6.1 in [Tlj . 

We now show that the non-centered doubling maximal operator is dominated by the 
sharp maximal operator in the following theorem. Although, some estimates are inspired 
from |T1| Theorem 6.2], there are some main differences in our proof. More specifically, 
the three consecutive doubling balls argument will be used to replace the Besicovitch 
covering lemma. 
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Theorem 4.2 Let f G Ll oc (fj,) with the extra condition J fdfi — if ||//|| := /i(X) < oo. 
^ssnme t/iat /or some p ; 1 < p < oo, inf{l, Nf} G L p (fi). Then we have 

\\Nf\\ LPM < C\\M*f\\ 

Proof: We assume that = oo. The proof for \\fi\\ < oo is similar. By standard 
argument, it suffices to prove the following A-good inequality: for some fixed v < 1 and 
all e > there exists some S > such that for any A > we have 

n{x : Nf(x) > (1 + e)A, M*f(x) < 5X} < vfji{x : Nf(x) > A}. (15) 

Setting E\ = {x : Nf(x) > (1 + e)\,M*f(x) < 6X} and fi A = {x : iV/(x) > A}, for 
/ G L p (fi). For each x G E\, we can choose the doubling ball Q x . containing x satisfying 
that rriQ x \f\ > (1 + e/2)A and if Q is an Y doubling ball containing x with rq > 2tq x then 
m Q\f\ < (1 + e/2)A. Such a ball Q x exists due to / G L p (fi). 

Let i?^ be the ball centered x with radius Grg^ and be the smallest (6 3 , /^-doubling 
ball in the form 6 3 ^R X . Then, by Proposition I2.4[ S X ,6S X and 6 2 S X are three (6,/3 )- 
doubling balls. Moreover, one has 

K Q x fiS x < C(K Qx:Rx + K RxtSx + K Sx:6Sx ) < C. 

Therefore, it follows from Lemma [4. II that 

\m Q Jf\ - m 6Sx \f\\ < K Qxi6Sx M*\f\(x) < Cf3 M»f{x) < CfoSX. 

This implies that for sufficiently small 5 we have 

m 6 sjf\ > A 

and hence 6S X C Q\. 

Note that by Lemma [2.2[ we can pick a disjoint collection {S Xi }i^i with x% G E\ and 
E x C U i€ j5S Xi C U ie j6S Xi . Setting W Xi = QS Xi , we will show that 

K6S Xi nE x )<C^(6S Xi ) (16) 

for all % G /. 

Once ( TIB"]) is proved, (fT5|) follows readily. Indeed, from (TIB"]) we have 

A*(J5a) < J>( 6 ^ n ^) < ]T j-A*(65^) < C^i/M&J < ^/i(0 A ). 

Now we show the proof of (TIE]) . Let ?/ G W 7 "^ fl -Ea- For any doubling ball Q 3 y 
satisfying mQ\f \ > (1 + e)A, it follows that tq < rw x ./$>- Indeed, if tq > rw x ./^> then we 
have Q Xi C W Xi C 16Q and 

Kl/I - m m\fW < K qm M^\f\{y) <C5X< e - 
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for sufficiently small 5. This implies > (1 + e/2)A which is a contradiction to the 

choice of Q Xi . So, tq < r Wx _/8. This, together with mQ\f \ > (1 + e)A, imply 

N(fx iWxi )(y)>(l + e)X 

and 



This yields, 



m^\f\ < (1 + e/2)A (since r~ > 2r c 



N(x iWxi \f\-m^ : \f\)(y)> e -X. 



Therefore, by using the weak (1, 1) boundedness of N, we have 



KW Xi n e x ) < »{y : Nix**.. \f\ ~ ™<-r\f\)(y) > ~\} 



<f x [ (\f\-m^\f\W 

4 K 

< ^/3 0/i (6 3 5,J 

< —/3 n(S Xt ). 



Thus, (fl6|) holds provided 5 < ejCv^. 

For the case / ^ L p ([i), we define the sequence of functions {/&}, fc = 1, 2, • • • by setting 



A (a) 



fix), \f(x)\<k, 

rJi- !/(*)!>*■ 



Then we have M*f k (x) < CM*f(x). On the other hand, |/ fc (x)| < kM{l,\f\(x)} < 
k inf (1, Nf)(x) and so /& G L p (fi). Hence, 

IIJVMI^) < C\\Mtf k \\ LP{fl) < C\\Mtf\\ LP(p) . 

Taking the limit as k oo, we obtain the required result and the proof is completed. 



4.2 An Interpolation Theorem for linear operators 

Theorem 4.3 Let 1 < p < oo and let T be a linear operator bounded on L p (fi) and from 
L°°(fi) into RBMO(/x). Then T extends to a bounded operator on L r (fi) forp < r < oo. 

Proof: We consider 2 cases: 

Case 1: = oo: Since T is bounded on L p (/i), M$T is sublinear bounded on L p (ii) 
and on L°°{p). Therefore, by interpolation, M"T is bounded on L r (n) for p < r < oo, 

||M«T/|U, M < C\\f\\ L r M . 
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Assume that / G L r (p) is supported in compact set. Then / G L p (p) and so Tf G L p (p). 
Hence Nf G L p (/i) and inf{l,JV/} G Z/(». By invoking Theorem E£2J 

Case 2: Assume that < oo. For / G L r (p), set / = (/ — J /rf/i) + / /rf/i = /i + /b- 
Since j f\dp = 0, we can apply the same argument as for ||/i|| = oo. It is not difficult to 
show that llTlHxw^ < C||1||li-( m ). This completes the proof. 

5 Atomic Hardy spaces and their dual spaces 

5.1 The space H a f°(fi) 

For a fixed p > 1, a function 6 G L\ oc {p) is called an atomic block if 

(i) there exists some ball B such that suppfr C B; 

(ii) J bdp = 0; 

(iii) there are functions dj supported on cubes Bj C B and numbers Xj G E such that 

oo 

^EVi> (17) 

where the sum converges in and ||% || z°°(ft) < (p(pBj)K B ^b) 1 and the con- 

stant Kbj,b being given in the paragraph before Lemma [2.51 

We denote \b\ H i,oc^ = Y^jLi IAj'I- We sa y that / e Hlj°°(p) ^ there are atomic blocks 
bi such that 

oo 

f = J2 b * ( 18 ) 

1=1 

with \bi\H 1,oa (ji) < 00 • ^he Blj°°(p) norm of / is defined by 

oo 
i=l 

where the infimum is taken over all the possible decompositions of / in atomic blocks. 
We have the following basic properties of H a f°(p). 

Proposition 5.1 (a) H a f°(p) is a Banach space. 

(b) HiTM C L\p) and \\f\\ LHfl) < \\f\\ Hlr{fl y 

(c) The space Hlf°(p) is independent of the constant p when p > 1. 
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Proof: The proofs of (a) and (b) are standard and we omit the details here. 



The proof of (c): Given p x > p 2 > 0, it is clear that H a £*? 1 C with 



r l,oo 



Hi 



H. 



1,00 . Conversely, if b = YliLi ^« a « * s an atomic block with supp aj C Bi C B 



< 



111 



H^l^, then by Lemma 12.11 we can cover each Bi by iV ^ balls, says {B^}, with the 
same radius — r B . Therefore, we can decompose a, := ^ k o.ik where := XB ' fc , It is 



not difficult to verify that b is also an atomic block in H a f?. This completes our proof. 

We now show that the space RBMO(/i) is embedded in the dual space of H a f°(ii). 
Lemma 5.2 We have 

RBMO(/x) C Hlr^T- 
That is, for g G RBMO(/i), t/ie linear functional 

L g(f) = / 

defines a continuous linear functional L g over H J 30 (11) with ||-£p||_ ff i.«>( M )* < C||^||rbmo(m) 



Proof: Following standard argument, see for example [CW2I p. 64], we only need to check 
that for an atomic block b and g GRBMO(/i), we have 



J bgdp < C\ b\ H if° ( M ) || 9 1| rbmo(m)- 



Assume that suppfr C B and b = XjCij, where a/s are functions satisfying (a) and (b) 
in the definition of atomic blocks. If g G L°°, by using j bdfi = 0, we have 



J bgdfi = J b(g-g B )dji\ <^2\ X j\\\ a jh^M J \g - 9b 



\dp. 



(19) 



Since g G L°°(fj) C RBMO(/x), we have 



\g-g B W< j \g-g Bz \d/j+ \g B -g Bi \dp 

Bi J Bi J Bi 

<CK Bt 



From (Tl9l. we obtain 



bgdp 



- ^ f rlfl , ^ oo (/i)llfl , llRBM0(M)- 



In general case, if g G RBMO(/i), define 



9n[x) 



f(x), \f(x)\<N, 
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It can be verified that ||<7jv||rbmoOu) < C||s'||rbmo(^)- As above, since G L°°{ji), we 
have 



Let us denote :={/:/ in with bounded support} and D = H a f°(fi) D Lq°. 

So, the functional L ff : / i— >• J gf is well-defined on .D whenever g G RBMO(/x) (since 
<? G L} oc {p)). By the dominated convergence theorem 



lim / /^A* = / /0<J/x 

for all / G -D. We claim that D is dense in H a f°{^i). To verify this claim, denote by 
^atfin(^) ^ ne se ^ °f an elements in where the sums ffTTj) and (IT51) are taken 

over finite elements. Obviously, H a lj in (fi) is dense in H a f°{^) and each functional / G 
H a lj in ([i) is also in Therefore , L b is a unique extension on H a f°([i) and hence 



/gd/i < C\\f\\ H i,oo M \\g\\ RBM0 ^y 
This completes our proof. 

The following lemma can be obtained by the same argument as in \T1\ Lemma 4.4]. 
Lemma 5.3 If g G RBMO(/x), we /jave 

ll-M/^ 00 ^) ~ II^IIrbmom- 

5.2 The space H^f(fi) 

For a fixed p > 1, a function b G L} oc (fi) is called a p- atomic block, 1 < p < oo, if 

(i) there exists some ball B such that suppfe C B; 

(ii) Jbdfi = 0; 

(iii) there are functions Oj supported on cubes Bj C -B and numbers Aj G R such that 

oo 

where the sum converges in L l (fi), and 



We denote l&ljy 1 .?^ = Sjli l^il- We sa y that / e H a f(fi) if there are p-atomic blocks 6; 
such that 

oo 

/=;>> (2i) 

i=l 
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with YliLi l^lff^o) < 00 • The H a f(fi) norm of / is defined by 

00 

i=l 

where the infimum is taken over all the possible decompositions of / in p-atomic blocks. 

Similarly to H a f°(fi), we have the following basic properties of H a f{p) 
Proposition 5.4 (a) H]f(p) is a Banach space. 

(b) Hlfiri C L\p) and \\f\\ L ^ < \\f\\ H % M . 

(c) The space Hlf(p) is independent of the constant p when p > 1. 

The proofs of this proposition is in line with Proposition 15.14 so we omit the details here. 

Lemma 5.5 We have 

RBMO(/i) C Hlf(py. 
That is, for g G RBMO(/x), the linear functional 

L g(f) = / f9dp 
J x 

defines a continuous linear functional L g over H a f(/j) with 

W L 9\\hI?(h)* ^ CIMIrbmom- 

Proof: The proof of this lemma is analogous to that of Lemma 15.21 with minor modifica- 
tions. We leave the details to the interested reader. 

We remark that a main difference between the Hardy space in Tolsa's setting |T1] and 
our Hardy space in this article is the sense of convergence in the atomic decomposition. 
This leads to different approaches in proving the inclusions RBMO(/i) C H^°°(p)* and 
RBMO(/x) C Hlf(n)*. However, for the inverse inclusion H l a f(p)* C RBMO(/x), by 
a careful investigation, Tolsa |T1] showed that one only needs to consider the sums in 
( l20l) and ( 12T1) over finite p-atoms and p-atomic blocks, hence the sense of convergence in 
( 120|) and (J2~T]) does not matter in both settings. This is the reason why we can use the 
arguments in |T1] for our setting with minor modifications to obtain the duality result of 
Hlf°(p) and H a f{^) as in the next Theorem. 

Theorem 5.6 For 1 < p < 00, H l a ?(p) = H l a r(p). Also H l J\p)* = H^W = 
RBMO(/i). 

As explained above, we omit the details of the proof. 
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6 Calderon-Zygmund decomposition 
6.1 Calderon-Zygmund decomposition 

The following two technical lemmas will be useful for the construction of a Calderon- 
Zygmund decomposition on non-homogeneous spaces. 

Lemma 6.1 Assume that Q, S are two concentric balls, Q C R, such that there are no 
(a , 0) -doubling balls with (3 > C l £ g2a in the form a k Q,k G N such that Q C a k Q C R. 
Then we have 

T7 m ^dfi(x) < C. 

R\Q X{XQ, d ( x Q, x )) 

Proof: Let N be the smallest integer such that R C a N Q. Then, n(a k Q) > f3fi(a k ~ 1 Q) 
for all k — 1, . . . , N. Therefore, we have, 



R \ Q X(x Q ,d(x Q ,x)) 

N 



■ rQ<d(x,[ 

fi{a k Q) 



X(x Q ,d(x Q ,x)) 



k=l Jak lr Q- 



N ' ..*/ 



f^X{x Q ,a k l r Q ) 



-^ 1 (CxY N - k ^ a X(x Q ,a N r Q ) 
<£r P ^~ k 

k 
oo 

^E L (C A )log 2 a 

< C (since (3 > log 2 a) . 
This completes the proof. 

While the Covering Lemma 12721 for (X, /i) can be used to replace the Besicovich cover- 
ing lemma for (R n , fi) in certain estimates, the Calderon-Zygmund decomposition in (X, //) 
will need a covering lemma which gives the finite overlapping property at all points x £ X. 
This is given in the next lemma. 

Lemma 6.2 Every family of balls {Bi}^ of uniformly bounded diameter in a metric 
space X contains a disjoint sub-family {Bi} i& E with E C F such that 

(i) U^fB, C U ieE 6B h 

(ii) For each x £ X , 52 ieE XeBt < oo. 
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We remark that in (ii), the sum ^2 ieE XeBi < oo at each x but these sums are not 
necessarily uniformly bounded on X. 

Proof: By Lemma l2~2l we can pick a disjoint subfamily {Bi : Bi = B(xBi,rBi)}ieE 
with E C F satisfying (i). Moreover, we can assume that for i,j G E, neither 6Bi C 6Bj 
nor 6Bj C 6B{. 

To prove (ii), we assume in contradiction that there exists some x G X such that there 
exists an infinite family of balls {Bi : i G I x C E} such that x G Bi for all % G I x . We 
will show that liminfjg^ r#. > 0. Otherwise, for any e > there exists i e G I x such that 
rg i < e. Therefore, if B is any ball in the family {Bi : i G I x }, there exists r > such 
that B(x,r) C 6-B - For e = ^, we have x G 6-B ie and r 6Bie < |. This implies 6-B i£ C 6-B 
which is a contradiction. 

Thus liminfjg^ > 0. This together with the uniform boundedness of diameter of 
the family of balls shows that there exist m and M > such that m < < M for all 
z G I x . Obviously, Ui E i x B(xB i , Tn) C B(x,2M) and the balls {^(xb^to) : i G J x } are 
pairwise disjoint. By Lemma \2.1\ there exists a finite family of balls with radius S such 
that B(x,2M) C U^ 1 S(x i , Therefore, there exist a ball, says B k G {-B(xi, 
1, . . . .fT}, and at least two balls B\ and B<± in {5j : z G J a } such that 5fc R ^ and 

fl ^ 0. Since min{ri Bi , r > |m = 5r Bk , we have C B\ PI £>2- This is a 
contradiction, because the family of balls {I^x^m) : i G J x } is pairwise disjoint. Our 
proof is completed. 

We now give a Calderon-Zygmund decomposition on a non-homogenous space (X, /i) 
which is an extension of a Calderon-Zygmund decomposition on the non-homogeneous 
space (K n ,/i) in [TTj . 

Theorem 6.3 (Calderon-Zygmund decomposition) Assume 1 < p < oo. For any / G 
L p (n) and any A > fwft A > 0q\ \f\ \ p /\ | if ||/i|| < oo,), t/ie following statements hold. 

(a) There exists a family of finite overlapping balls {QQi}i such that {Qi}i is a pairwise 
disjoint family and 




(22) 




(23) 




(24) 




) -doubling ball concentric with Q i; with 
Then there exists a family of functions <fi 



with constant signs and supp ((fi) C Ri satisfying 




(25) 
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J2\<Pi\<K\, (26) 

i 

(where k is some constant which depends only on (X,(j)), and 
(i) 

{{(PiWooHiRi) < C I \wif\dn ifp = 1; (27) 
Jx 

(ii) 

\\<Pi\\L>wli(Ri) xfvf < -^zi J \wif\ p dn ifl<p<oc. (28) 

(c) For 1 < p < oo, if Ri is the smallest (3 x Q 2 ^(j l ° g23x6 +1 )-doubling ball of the family 
{3 x Q 2 Qi} k >i, then 

C 



l^kfM ^ a^II/II-M ( 29 ) 



where b = J2i( w if ~ ¥>*))■ 



Proof: For the sake of simplicity, we only give the proof for the case p = 1 for (a) and 
(b). When p > 1, by setting g = f p £ L 1 ^), we can reduce to the problem p — 1. Then, 
with a simple modification, we will obtain fl28|) instead of (J2j 



(a) Set E := {x : > A}. For each x & E, there exists some ball such that 

WQ7)L w ^k (30) 

and such that if Q' x is centered at x with > l{Q x )-> then 

' ' |/|dA*< A 



Now we can apply Lemma l6T2l to get a family of balls {Qi}i C {Qxjz such that J? . X6Qj (#) < 
oo for all x G X and ([22]), (T23D and (ED are satisfied. 



(b) Assume first that the family of balls {Qi} is finite. Without loss of generality, 
suppose that l(Ri) < l(Rt+i). The functions tp will be constructed of the form ipi = 

aiXA^Ai c Ri. 

First, set Ai = Ri and <pi = at\XRi such that f <pi — J 6Q foj\. Assume that 
<fi, . . . , <pk-i have been constructed satisfying ( 125]) and 



K-l 



2^ <-Pi < WA, 



1=1 

where k is some constant which will be fixed later. There are two cases: 
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Case 1: There exists some i e {1, . . . , k — 1} such that RidR^ ^ 0. Let R Sl , . . . , R Sm 
be the family of R\, . . . , Rk-i such that R S] fl R k ^ 0. Since l(R s ) < l{Rk), R Sj C 3-R&- 
By using is (3 x 6 2 ,C^ og23x6 +1 )-doubling and (J2"3"j) . we get 

3 3 7X 

< CV / u aj \fW < Cj" [ \fW < CXn(3.6 2 Rk) < CiXfi(R k ). 



Therefore, 



Thus, 



The constant will be chosen such that J fk — Jq f^kd/j, where ipk = a k XA k - Then we 
obtain 

a k < f Wilfldfi < C^— [ \f\dfi < C 2 \ (by using Q23)). 

If we choose k = 2Ci + C*2, fl2"<3j) follows. 

Case 2: i?j n Rk = for all i = 1, . . . , k — 1. Set A k = R k and <pk = a k XR k such that 
J ifk = fn f^kdfi. We also get fl26|) . 

By the construction of the functions <fi, it is easy to see that fi(Ri) < 2fi(A k ). Hence, 

WpiWooHiRi) < Ca>i/j(A k ) < C \fui\dfi. 

J x 

When the collection of balls {Qi} is not finite, we can argue as in |T1| p. 134]. This com- 
pletes the proofs of (a) and (b). 

(c) Since Ri is the smallest (3 x g 2 ? (7^ og 2 3x6 +1 )-doubling ball of the family {3 x 
Q 2 Qi}k>i, one has Kq^ r . < C. For each i, we consider the atomic block 6j = fwi — tfi 
supported in ball Ri. By ( 122]) and ( 128|) we have 

C f 



X 



which implies 



\f\ p dfi. 
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Our proof is completed. 



Using the Calderon-Zygmund decomposition and a standard argument, see for example 
[Jj pp. 43-44] (also |Tll p. 135]), we obtain the following interpolation result for a linear 
operator. For clarity and completeness, we sketch the proof below. 

Theorem 6.4 Let T be a linear operator which is bounded from i? a ^°°(/i) into and 
from L°°(fi) into RBMO(/i). Then T can be extended to a bounded operator on L p ([i) for 
all 1 < p < oo. 

Proof: For simplicity we may assume that = oo. Let / be a function in with 
bounded support satisfying f fd/j, = 0. Let us recall that the set of all such functions is 
dense in L p (n) for all 1 < p < oo. For such functions /, we need only to show that 

\\M^Tf\\ LPM < C\\f\\ LPM , 1< p < oo. (31) 

Once ( )3T|) is proved, Theorem 16.41 follows from Theorem 14.21 

For such a function / and A > 0, we can decompose the function / as in Theorem 16.31 

f -=b + g = ^2(w t f - <pt) + g. 

i 

By flU} and ([26]), we have < CX, and by flU 

Since T is bounded from L°°(pi) into RBMO(/i), we have 

\\M*Tg\\ LX{ll) <C X. 

Therefore, 

{M*Tf > (C + 1)A} C {M 9 Tb > A}. 
The fact that M" is of weak type (1,1) gives 



\i{M^Tb > A} < C 



II^IUhm) 



A 

Moreover, since T is bounded from if^°°(/x) into -^ 1 (/i), we have 
This implies 

MM»T/ > (Co + 1)A} < C Xp . 

So the sublinear operator M^T is of weak type (p,p) for all 1 < p < oo. By Marcinkiewicz 
interpolation theorem the operator M"T is bounded for all 1 < p < oo. This completes 
our proof. 



p 
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6.2 The weak (1, 1) boundedness of Calderon-Zygmund opera- 
tors 

Theorem 6.5 If a Calderon-Zygmund operator T is bounded on L 2 ({i), then T is of weak 
type (1, 1). 

Proof: Let / G and A > 0. We can assume that A > AjII/IU 1 ^)/!!^!!- Otherwise, 

there is nothing to prove. Using the same notations as in Theorem 16.31 with Ri which is 
chosen as the smallest (3 x 6 2 , £^ og 2 3x6 +1 )-doubling ball of the family {3 x 6 2 Qi}k>i, we 
can write / = g + b, with 

9 = fX x \ u . 6Qi 

i 

and 

b:=^2h = ^(Wif -<pi). 

i i 

Taking into account f[2"2"j) . one has 

Ku*6 a g,)<y f \fW<j( \fw 

J Qi J X 

where in the last inequality we use the pairwise disjoint property of family {Qi}i. 
We need only to show that 

fi{x G X\ U, 6 2 Q, : \Tf(x)\ >\}<jj \f\dfi. 

We have 

fi{x G X\ U, Q 2 Q t : |T/(ar)| > A} < ^{x G X\ U t Q 2 Q t : \Tg(x)\ > A/2} 

+ fi{x G X\ Ut 6 2 Qi : \Tb(x)\ > A/2} := I x + J 2 . 

Let us estimate the term Ii related to the "good part" first. Since \g\ < C\ then 

fi{x G X\ U, 6 2 Q, : \Tg(x)\ > A/2} < — J \g\ 2 dfi <-J \g\dfi. 
Furthermore, we have 

[ \gW< [ Wn + Y. [ N 

< / i/i^+y^/iWiiviiU 00 ^) 

Jx ■ 

< / Ifldfi + CY" [ \fwi\dn 
Jx ■ Jx 

< C [ \f\dii. 

Jx 
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Therefore, 

fi{x G X\ Ui 6 2 g, : \Tg(x)\ > A/2} < j j \f\dfi. 
For the term J 2 , we have 



I2<yJ2( f \Tbi\dfi+ f \Tipi\dfi+ [ \Twif\dfj) 

A i K Jx\2R x J2Ri J2Ri\e 2 Qi J 



Note that J bidfi = for all i. We have, by (J3J) 



K iX = / |T6i|d/x < C I \bi\dfi 

'X\2R t 



< / \fwi\d/i+ / |^i|ci/i 

'X J Ri 



Jx 

< C J2 f \f w ^ 

i J * 

<cj2 [ \fW- 

i J * 

On the other hand, by the L 2 boundedness of T and Ri is a (3x6 2 ,C? g23x6 +1 )-doubling 
ball, we get 

K a <([ |T^| 2 ) 1/2 (//(2it: i )) 1/2 

J 2Ri 

<([ i^r) 1/2 (M2^)) i/2 

J 2Ri 

< C\\(pi\\ Lao ^)iJL(2Ri) 
<C [ \wif\dfi. 



Moreover, taking into account the fact that suppu^/ C 6Qi, for x G 2i2j\6 Qi we have 
by Lemma [6. 1[ 



K i3 <C — ^- z ^ dfi(x) x / \wif\dfi. 

J2Ri\ 



1 

A6 2 Qi KxQvd{x,x Qi ))' 



x 



Hence we obtain 



and the proof is completed. 
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6.3 Cotlar inequality 

We note that from the weak type (1, 1) estimate of T, we can obtain a Cotlar inequality 
on T. More precisely, we have the following result. 

Theorem 6.6 Assume that T is a C alder on- Zygmund operator and that T is bounded on 
L 2 (X, //). Then there exists a constant C > such that for any bounded function f with 
compact support and x G X we have 



TJ(x) < C(M 6tV (Tf)(x) + M {s) f(x] 

where 



M p J(x) = sup (— L- f \f\A. 

Q3x V(pQ) Jq / 



Proof: For any e > and x G X, let Q x be the biggest (6, /^-doubling ball centered x of 
the form Q~ k e,k > 1 and (3 > 6 n . Assume that Q x = B(x,6~ k °e). Then, we can break 
/ = fi + f2, where f\ = fx^Q x - Obviously T*f\(x) = 0. This follows that 

TJ(x)<\Tf 2 (x)\ + [ K(x,y)f 2 (y)dn(y) = h + I 2 . 

Let us estimate I\ first. For any z G Q x , we have 

\Tf 2 (x)\ < \Tf 2 (x) - Tf 2 (z)\ + \Tf(z)\ + |T/ X (z)|. (32) 
On the other hand, it follows from ([3]) that 

\Tf 2 (x)-Tf 2 (z)\< [ \K(x,y)-K(z,y)\\f(y)\dn(y) 

JX\lQ x 

oo p 5 

Mr „»£ Mr ,j m\Mv) 



k= 



oJ6>*+iQ x \G k Q* d(x,y) s X(x,d(x,y)) 



J^qa^q, (6 fc roJ d A(a;, Q k r Qx ) 



k 

oo 



k=0 

oo 



<Cj2^ k M {6) f(x)=CM {6) f(x). 

k=0 
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At this stage, taking the L V (Q X , )-norm with respect to z, we have 



This together with (1331) implies 

\Tf 2 (x)\ < CM {6) f(x) + \Th(z)\ + \Tf(z)\ (33) 

for all z e Q x . 

cV\r,rr flic T .V ( D 

\TMx)\<CM^f(x)+(^^J \ T f^ d ^) 1/V+ {-^J Q \Tf{z)\^{z)) lh . 

By the Kolmogorov inequality and the weak type (1, 1) boundedness of T, we have, for 
77 < 1, 

\T hWd^z) ) < — — / \h(z)\d^z) 



KQx) Jq x > KQx 



c c 

< i—pz r / \fi(z)\dfi(z) (since Q x is (6, (3)- doubling) 
fi{15Q x ) J« Qx 



<CM {5) f(x). 
Furthermore, since Q x is (6, /3)-doubling, 



j ' \Tf(z)\^dfi(z)) 1/V <CM v , 6 M(Tf)(x) 



Therefore, h < CM (6) f(x) + CM vfi M(Tf)(x). 
For the term I 2 we have 



h< / \K{x,y)\\f 2 {y)W{y) 

J d(x,y)<e 

<C [ 1 - \f 2 (y)\dn(y) 

J B(x,e)\B(x,6- k 0e) ^{X,a{X,y)) 

k0~ 1 n. -, 

^0 ■/B(x ) 6 fc + 1 - fe 0e)\B(a: ) 6 fc - fc 0e) A[X,a{X,y)) 

J B(x3 k +^- k oe) A(x,6 fe fe °e) 



A;=0 
feo-1 



'B(a,,6*+ l -*o 6 ) A(x,6 fc fc °e) 
/i(x, 6 x 6 fe+1 - fco e) 1 



v— C «(x 6 x 6 + °e) 1 /" 

- C 77 4 v dk+l-kn \ ( a Z fik+l-kn \ / \f2(.V)\dfl(y) 

k=0 K ' 7 



At this stage, by repeating the argument in the proof of Lemma 16.11 we have 

^ jj(i,6x 6 fc+1 - fc °e) < 

^ \f T fiy fife+l-feo t N l — 



fc=0 v ' 
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Therefore, 

This completes our proof. 



h < CM (6) f(x). 



Remark 6.7 From the boundedness of Mq iV (-) and M^(-), the Cotlar inequality tells us 
that ifT is bounded on L 2 (X, /x) then the maximal operator T* is bounded on L P (X, /j,) for 
1 < p < oo. Note that the endpoint estimate of will be investigated in \AD$ . 

The C alder on- Zygmund decomposition Theorem \6.3\ does not require the property (v) 



7 The boundedness of Calderon-Zygmund operators 

The main results of this section are Theorems 17. H 17.31 and 17.61 



7.1 The boundedness of Calderon-Zygmund operators from L°° 
to RBMO space 

The following result shows that on a non- homogeneous space (X, //), a Calderon-Zygmund 
operator which is bounded on L 2 is also bounded from into the regularized BMO 

space RBMO(/i). 

Theorem 7.1 Assume that T is a Calderon-Zygmund operator and T is bounded on 
L 2 (/i), then T is bounded from L°°(/x) into RBMO(^l). Therefore, by interpolation and 
duality, T is bounded on L p (fi) for all 1 < p < oo. 

Proof: We use the RBMO characterizations (Q and (flOl) . The condition (Q can be ob- 
tained by the standard method used in the case of doubling measure. We omit the details 
here. 

We will check ( flOl) . To do this, we have to show that 



for all QcR. 

Let N be the first integer k such that R C 6 k Q. We denote Qr = 6 N+l Q. Then for x G Q 
and y e R, we set 



°/A( v )- 



\m Q {Tf)-m R (Tf)\<CK Q>R 



( 




Tf(x) - Tf(y) = Tfx 6Q (x) + T /xe^gysgO) + T fXx\Q R (x) 



- ( T fXQ R (y) + Tfxx\Q R {y)) 

< \TfxeQ(x) \ + \TfX6N Q \ 6Q (x)\ 

+ \TfXX\Q R (x) - Tfxx\Q R (y)\ + \TfXQ R {y)\ 

< h + h + h + h- 
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Let us estimate I 3 first. We have 



J \K(x,z)-K(y,z)\\f(z)\di,(z) 

X\Q R 

< T f m — §vr^n — v Af(z)\d^z) 

J d(x,zy\(x,d(x,z)Y JK 



k - N+1 6 k + lQ\ 6 kQ 

k=N+l K ' WJ 

ms M6 fc+1 Q) 



<c 6_(fe 

fc=JV+l 



A(x,6^r Q ) IIJI|Lo ° W 



oo 



<C £ 6-t fc - JV ) a ||/|| L co M =C||/|| L - 0t) , 

fc=JV+l 

where in the last inequality we use the fact that ^(6 k+1 Q) < \(x, Q k+1 rq), since x E Q C 
2 k+1 Q. 

As to the term I 2 , we have 



Tfx6 N Q\ 6Q (x)< [ \K(x,y)\\f(y)\dfi(y) 

J6 N Q\6Q 



>6 N Q\6Q 

< [ T7 ~tt v Af{v)W{y) (34) 

J^Q\SQ KxQ,d{xQ,y)) 



>"Q\6Q H x Q> d (xQ>y)) 

< K 6Q,6 N Q\\f\\L°°(n)- 

Therefore, I 2 < CKg^WfW^. So, we get 

Tf(x) - Tf(y) = Tf X6Q (x) + CKqM^ + \Tf X Q R (y)\ + C\\f\\ L ^ } . 

Taking the mean over Q and R for x and y, respectively, we have 

\m Q (Tf) - m R (Tf)\ < m Q {\Tf X%Q \) + CK Q , R \\f\\ L ^ + \Tf XQ M\ 
+ C\\f\\ L ^ )+ m R (Tf XQR ). 

For the boundedness on L 2 (fi) of T, we have 

1/2 



^mx, Q \)<{^j\Tfx, Q ?) 



<r ^ (6g) V /2 iifii 

< c(^-^r- 1 : < iii 



V MQ) ' 
Next, we write 



m R (Tf X Q R ) < m R (Tf X Q Rn6R )+m R (Tf X Q R \ m ). 
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By similar argument in estimate of rriQ(\Tfx6Q\), the term m R {T fxQ R n&R) is dominated 
by 

'fixity 



c 



The second term m R {T fxQ R \&R) can be treated as in (1511) . Since rq R ps r fi , we have 

m R (TfxQ R \m) < C||/IU«0i) 

To sum up, we have 

K(r/) - m B (T/)| < Cifg^||/|U- w + + ^) h/ii^w 

/ Mgg) /i(6i^) \ 

Remark 7.2 5y similar argument in \T1\ Theorem 2.11], we can replace the assump- 
tion of L 2 (fi) boundedness by the weaker assumption: for any ball B and any function a 
supported on B, 

I \Ta\dfi < C\\a\\ L °°n(6B) 

J B 

uniformly on e > 0. 



B 



7.2 The boundedness of Calderon-Zygmund operators on Hardy 
spaces 

We now show that an L 2 bounded Calderon-Zygmund operator maps the atomic Hardy 
space boundedly into L 1 . 

Theorem 7.3 Assume that T is a Calderon-Zygmund operator and T is bounded on 
L 2 (X,fi), then T is bounded from /f a |°°(^) into L l (X, /i). Therefore, by interpolation and 
duality, T is bounded on L p (ij) for all 1 < p < oo. 



Proof: By |HoMt Lemm 4.1], it is enough to show that 

\\Tb\\ LHp) < C\b\ HlrM (35) 

for any atomic block b with suppfe C B and = XjOj where the a/s are functions 
satisfying (a) and (b) in definition of atomic blocks. At this stage we can use the same 
argument as in |T1[ Theorem 4.2] with minor modifications as in Theorem 17. II to obtain 
the estimate fl35l). We omit the details here. 
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7.3 Commutators of Calderon-Zygmund operators with RBMO 
functions 

In this section we assume that the dominating function A satisfies X(x,ar) = a m X(x,r) 
for all x G X and a, r > 0. Then, for two balls B, Q such that BcQwe can define the 
coefficient K' B q as follows: let Nb,q be the smallest integer satisfying 6 Nb ' q tb > tq, we 
set 



N 



'= 1 + g A(x B ,6V B) - (36) 

It is not difficult to show that the coefficient Kb,q ~ K'b q- Note that in the definition of 
iiTg q we can replace 6 by any number 77 > 1 . 

To establish the boundedness of commutators of Calderon-Zygmund operators with 
RBMO functions, we need the following two lemmas. Note that these lemmas are similar 
to those in [Tlj . However, due to the difference of choices of coefficient Kq R , we would 
like to provide the proof for the first one. Meanwhile, the proof of Lemma [7751 is completely 
analogous to that of Lemma 9.3 in [Tlj . hence we omit the details. 

Lemma 7.4 If Bi = B(xo,ri),i = l,...,m are concentric balls B\ C B 2 C . . . C B m 
with KB it B i+1 > 2 for i — 1, . . . , m — 1 then 

m—l 

J2 K B^ +1 <2K BuBm - (37) 



Proof: By definition, 



K Bi , Bi+1 = 1 + / —7- ————-djj,(x). 

J A{Xo,a[x,xo)) 

ri<d(x,xo)<r i+1 



Since KB t ,B i+1 > 2, we have 



K Bi ,b 1+1 < 2 / — Yi ^d/i(x) 

+ J \(x Q ,d(x,x )) 

ri<d(x,x )<r i+1 



for all % = 1, . . . , m — 1. 
This implies 



m— 1 m—l „ 1 

j:k Bi , Bm <2j: f 

a — 1 „■ — 1 ^ 



% 1 * 1 ri<d(x,x )<r i+ i 



\(x ,d(x,x Q )) 



dfi(x) 



< 2 / — yrd/i(x) 

J X(xo,d(x,x )) 

r 1 <d(x,x )<r rn 

< 2Kb, b ■ 

— D l)- D m 
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Lemma 7.5 There exists some constant P such that if x G X is some fixed point and 
^ collection of numbers such that \ Jq — f R \ < C x for all doubling balls Q C R 
with x G Q and Kq^r < P , then 

\f'Q — fn\ < CKq,rC x for all doubling balls Q C R with x G Q. 

Theorem 7.6 If b G RBMO(/i) and T is a C alder on- Zygmund bounded on L 2 (p), then 
the commutator [b, T] defined by 

[b,T](f) = bT(f)-T(bf) 
is bounded on L p (fi) for 1 < p < oo. 
Proof: For 1 < p < oo we will show that 

M*{[b,T\f){x) < C||6|| R bmooi)(m i , i 5/(x) + M p>6 Tf(x) +T»/(x)), (38) 

where 



Once (138]) is proved, it follows from the boundedness of T* on L p (n) and M PiP on L r (p,),r > 
p and p > 5, and from a standard argument that we can obtain the boundedness of [b, T] 
on L p (p). 

Let {bs} be a family of numbers satisfying 

f \b-b B \dfi<2fi(6B)\\b\\ RBMO 
Jb 

for balls B, and 
for balls Q <Z R. Denote 



\b Q - b R \ < 2i^Q )jR ||6|| RBM o 
h Q := m Q (T((b - b Q )fxx\$ Q )- 



We will show that 
1 



fi(6B) 



\[b,T]f - h Q \dp < C||6|| RB Mo(M I ,,fi/(x) + M pfi Tf(x)) (39) 



' B 

for all x and B with x G B, and 

|/iq - h R \ < C\\b\\ RBM o(M Pt5 f(x) + TJ(x))K 2 Q>R (40) 

for all x G Q C -R. 

The proof of (|39|) is similar to that in Theorem 9.1 in |T1] with minor modifications and 
we omit it here. 

It remains to check (14*01) . For two balls Q C R, let iV be an integer such that (N — 1) is 
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the smallest number satisfying r R < Q N 1 tq. Then, we break the term \Hq — h R \ into five 
terms: 

\m Q (T((b - b Q )fx X \l Q ) - m R (T((b - 

< \m Q (T((b - b Q )f X6Q \i Q )\ + \m Q (T((b Q - b R )f X x\e Q )\ 
+ \m Q (T((b - b R )fx 6 N Q \ 6Q )\ 

+ \ m Q( T (( b ~ b R)fXx\^o) ~ m R (T((b - b R )fxx\^ Q )\ 
+ \m R (T((b - b R )fX6N Q \i R ) 

= Mi + M 2 + M 3 + M 4 + M 5 . 
Let us estimate M x first. For y E Q we have, by Proposition 3.2 

\ T (( b - b Q)fX6Q\lQ)( x )\ 

<T7^ [ \ b - b Q\Wv 
A(x,r Q ) Jqq 

< fi(30Q) f 1 fit. i. IP ',.A 1/P 7 1 /" ,„ PJ .V /p 



A(x, 30rg) v//(5 x 
C||6|| RB moM Pi5 /(x). 

The term M 5 can be treated by similar way. So, we have Mi + M 5 < C||6||rbmo^p,5/( 2; )- 
For the term M 2 , we have for x,y e Q 



\Tf X x\6Q(y)\= / K(y,z)f(z)dfi(z) 

JX\QQ 

[ K(x,z)f(z)df,(z) + f \K(y,z)-K(x,z)\\f(z)\dfx(z) 

JX\6Q Jx\6Q 



'X\6Q 

<TJ(x) + CM p , 5 f(x). 



This implies 

\m Q (T((b Q - b R )f X x\6Q)\ < CK Q>R (T*f(x) + M pfi f(x)). 
For the term M 4 , we have, for y, z £ R 

\T((b - b R )fxx\6» Q (y) ~ T((b - b R )f X x\6» Q (z)\ 

< [ \K(y,w)-K(z,w)\\(b(w)-b R )\\f(x)\d f ,(w) 

J X\2R 

d(y,z) s 



x\2R d{w,y) 5 X{y,d{w,y)) 



\(b(w)-b R )\\f(x)\dfi(w) 



<Y [ 37 5w Z \, r,\(Kw)-b R )\\f(x)\dfi(w) 

~ t^i'^R\2"R d ^^YKy,d(w,y)y K 

< jt 2 ~ k \ ( 9 L S [ \(b(w)-b R )\\f(x)\dn(x) 
A(t/,2 fc l r R ) J 2 k+i R 
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By Holder inequality we have 
\T((b - b R )f X x\ 6 » Q (y) - T((b - b R )f X x\6»Q(z)\ 

/ 1 f \Vp 

l/i(5x2^ J R)y 2fc+li? l/|Prf/i J 

00 1 r 
<C s T2- k& \(— — / \b-b 2 k+i R \ p 'dn) 

+ ( M5 x Ufl) ~ ^l^") VP ] ( M5 x Ufl) 

00 

< C^C(A;+ l)2- fe<5 ||6|| RB MoM p , 5 /( a ;) 

fc=i 

< C||6||bbmoM P) 5/(x). 

Taking the mean over Q and i? for y and z respectively, we obtain 

M 4 < C||6||bbmoM Pi 5/(x). 
Concerning the last estimate for M 3 , we have for y E Q 
\T{{b - b R )f X 6N Q \ 6Q {y)\ 

N-l 

^ C J2y7^S \b-b R \\f\df, 

N - 1 I r f f n 

< J^y gfcg) [ J \ h ~ h ^Q\\fW+ J \b R -b ek+ i Q \\f\dfi 

h=1 G k + 1 Q\6 k Q 6 fe + 1( 3\6 fe Q 

6*+iQ\6fcQ 

6 fe+lQ\ 6 feQ 

(41) 

By Holder inequality and a similar argument to the estimate of the term M 4 , we have 



1 



/x(5 x 6 k+2 Q) 

6 fc +!Q\6 fc Q 



J \b-b 6 k+i Q \\f\d^< ||6||RBMoA^,5/(aj) 



and 

1 



fi(5 x 6 k+1 Q) 

Qk + lQ\ 6 kQ 



\b R - b 6 k+i Q \\f\dfi < CK QtR \\b\\ RB MoM p ^f(x). 
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These two estimates together with (14"!]) give 

\T((b - b R )fx^Q\e Q (y)\ < CK 2 Q Jb\\ KBMO M Pt5 f(x). 

This implies M 3 < CK^ R \\b\\ RBMO M p ^f(x). From the estimates M...U,. M 3 , .1/,. .1/-,. we 
obtain flU]). 

To obtain ([38]) from ([39]) and gOD, we use a trick of [Tl]. From ([39]), if Q is a doubling 
ball and x G Q, we have 



\m Q ([b,T]f) - h Q \ < J \[b,T]f - h Q \dfi 



(42) 

< C||6|| RB mo(M Pi5 /(x) + M pfi Tf{x)). 

Also, for any ball Q 3 x (non doubling, in general), ITg g < C, and then by ( 139]) and (140]) 
we have 



1 



M6Q) 



|M/-m 5 [&,7Wi 



- M^g) X l[b,T]f ~ HqW + |/lQ " ^' + 1/1(5 ~~ m< 2 [6 ' T]/l (43) 

<C||6|| 

RBMO(m) 



In addition, for all doubling balls Q C R with x G Q such that -Kg,.R < Po where Po is a 
constant in Lemma 17.51 by (140]) we have 



|/iq - ta| < C||6||rb M oo,)(M P) 5/(z) +TJ(x)jPl 
Due to Lemma 17.51 we get 

\hq - h R \ < C||6||rbmo(m) i M P ,sf{x) + T^f(x)jK QtR , 
for all doubling balls Q C R with x e Q. At this stage, applying (141]) . we obtain 

m Q {[b,T]f)-m R ([b,T)f) 

< C||6||rbmo W (m Pi5 /(x) + M Pj6 Tf(x) + TJ(x)^K Q , R . 

This completes our proof. 



Remark 7.7 ^4s mentioned earlier in this paper, the results of this article still hold when 
X is a quasi-metric space. Indeed, one can see that the main problem in quasi-metric 
space setting is that the covering lemma, Lemma 2.1, may not be true. However, instead 
of using this covering property, we can adapt the covering lemma in \FGL\ Lemma 3.1} 
to our situation. This problem is not difficult and we leave it to the interested reader. 
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